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Computer-Aided Generation of Nonlinear
Reduced-Order Dynamic Macromodels—II:
Stress-Stiffened Case

Jan E. Mehner, Lynn D. Gabbay, and Stephen D. Senteeitow, IEEE

Abstract—Reduced-order dynamic macromodels to describethe  In simplest terms, stress stiffening results from the fact that
behavior of microelectromechanical system structures with stress when a clamped structure bends, it must get longer; therefore,
stiffening are presented in this paper. The approach is based on po- j; yeyelops an axial stress. The elastic stored energy associated

tential and kinetic energy representations of selected fundamental = . . . .
modes of motion, modified to take account of stress stiffening. En- with this axial stress adds to the overall structural stiffness. In

ergy data are calculated by several finite-element runs, fitted to design, this nonlinearity should either be minimized for linear
polynomial functions, and used to develop the equations of motion sensor and actuator applications or can be used on purpose to

according to Lagrangian mechanics. Accuracy and restrictions of tune the stiffness or resonance frequencies for special problems
these macromodels will be shown. [449] 131, [4].

Index Terms—Basis-function methods, CAD, electrostatic actu-  In this paper, we show that while the linear normal modes
ation, energy methods, macromodels, modal analysis, nonlinear vi- do not provide an adequate basis set with which to compute
brations, reduced-order models, stress stiffening. elastic stored energy in stress-stiffened cases, it is nevertheless

possible to construct extremely accurate nonlinear stress-stiff-
|. INTRODUCTION ened macromodels with basis functions that are very close to

: . the linear normal modes. The failure of the linear normal modes
I N PART ON_E of this paper [1], a h|ghly_ automated metho as already demonstrated in [1, Fig. 12], but some additional
for generating reduced-order dynamic macromodels f

lectrostaticall tuated ; lect hanical t8fsc:ussion of the detailed reason for this failure is required here
e'\;éhr/loss a dlca_ y acluate m;c(;oe;}c romec ar;]lca S%’S B'motivate the particular approach we have taken. Furthermore,
( ) devices was presented. The approach was 1o e background on the types of effects to expect in the pres-
selected linear elastic modes of the device as basis functio

dt the Kineti d potential in t ¢e of mechanical nonlinearities is useful.
and 1o express the kinelic and potential energy In terms oly,q following section provides the theoretical background,
basis-function amplitudes and their time derivatives. It wag

d trated that hi d Id indeed b ing to a discussion in Section Il of the approach we
emonstrated that his procedure could indeed be exeCUlele taren toward macromodeling of stress-stiffened devices.
nearly automatically, requiring only a few inputs from theD

desi ¢ lect ters for th del. H namic results of macromodel simulations are compared with
esigner 1o select paramelers for the macromodel. Howey plicit nonlinear finite-element model (FEM) simulations
while the procedure works well for nonlinearities produce ;
: . : . ~Ih Section V.
outside the elastic body, such as the nonlinekectrostatic
force between the plates of a parallel-plate capacitor with one
plate being flexible, it fails to capture the corregnechanical Il. THEORETICAL BACKGROUND
structural stiffness when the deflections become comparable,to .
) . . . . .~ Modal Methods for Nonlinear Systems
a typical thickness [1, Fig. 12]. This effect is generally referreﬁ -y _
to as stress stiffening, and is a well-known effect in mechanicsThe use of modal methods for linear structural analysis has
(see, e.g., [2]). a long history (see, e.g., [5]). Finding efficient ways of using
modal methods for nonlinear systems is still a research subject.
A useful starting point is the review article of Rosenberg [6]. In-
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In the second group, which includes [1], the motigh, ¢) is

expanded in a series of spatial basis functigns-) Backbone curve

Stable solution
Unstable region

Amplitude u,,

u(rt) = eo(r) + Y (i) ®

Jump phenomena

wherey; are the basis functiong; are the generalized coor- Stable solution

dinates, is the spatial vector, is the time of the system, and
where, in keeping with the notation of [1}.,(r) is the static i
equilibrium position of the structure, providing for possible re- 1 Frequency ratio 2/,

laxation of initial stresses upon release of the microstructure.

When the mechanical behavior is completely linear, it is useftib. 1. llustrating the frequency response for the Duffing equation with
to use the linear modes of vibration for the as was done in [1]. Positves (stress stiffened).
However, even when the problem is mechanically nonlinear, the

Unstable solution

linear normal modes can serve as basis functions. The approacHarmonic excitation: §
can be outlined as follows [7]. o + A 3
1) Compute the linear modes of the elastic problem. -Q=0T £ Time ¢
2) Substitute(r, t) in the governing equation for the deflec-
tion (e.g., the Euler—Bernoulli equation for beams). ) = T
3) Obtain a system ofi-coupled second-order ordinary dif- ~ Linear steady-state I 1
ferential equations for the(¢). response: Py 3 _
4) Solve the equations by perturbation techniques [9] to L= a2 Time 7
compute the dynamic response. DL T .
Both techniques have been successfully applied in modal dy-Nontinear case: : ‘ |
namics. The second method, dealing with a series of linear mode o7 % /\ A N /\ /\
shapes, is preferred for simulating the transient response to ap  Ir = % \/ \Vi \/ \J \/
plied external loads and is, therefore, used in this paper in a mod Y a \/ \/ Time s

ified way.
Most of the existing studies deal with vibrations close to refig. 2. Steady-state response foE= (wo + Aw)/3, with Aw small.
onance [12], [13]. It has been proven that mode shapes with

invariant properties for nonlinear systems exist [6]. These %th the driving frequencg? is close to the natural frequency

flection-dependent mode shapes are known as nonlinear normg This case is called primary or main resonance. The ampli-

modes (NNM's) and are surveyed in [7]. Modes are mvana%de in response to any harmonic excitation is determined by

i Te motlotn IS comp;nse.d It?] th:i:]mode dat agt'TheS "’;Ed dho?ﬁ(%usual peaked resonance curve. However, for a system with
not generate any motion in the other modes. n the other ha uffing nonlinearity, the frequency response is like that of
stimulated motions of one of the linear modes would exchan 1. Compared to the linear cage— 0), a hardening non-
energy to other !mear modes due to nonlinear mode COUpI'q%'earity (e > 0) bends the curve to the right-hand side (stress
N_evertheless, this energy exc_hange can be captured by the %?Hf'ening) and a softening nonlinearifg < 0) would bend
p“_r:_% terms thathare Ob.tl?'tnid n ::’) of the %boyefproigdure. the curve to the left-hand side. This bending of the frequency

_ '€ approach we will take 1S {o use a basis function exloar[lfsponse curve leads to multiple equilibrium states at some fre-
sion. The primary benefit of this approach is that it can be foy-

. . . uencies and, hence, to jump phenomena. The state depends on
mulated independent of the details of the applied external forc[ 2 initial conditions and the time dependence of the driving
and, thus, is well suited for MEMS actuators.

function. Jumps in amplitudes occur if the system changes its
equilibrium state from one position to another one at the same

: . , ) frequency.
Many continuous systems, such as straight fixed-fixed beamsy o her attribute of nonlinear systems is the secondary res-

with clamped ends, have cubic nonlinearities arising from mig,ance Those further resonances occur if the free-oscillation
plane stretching. Thg dynamics ofth(_afundamgntal mode OfSUfFQquency is changed by the nonlinearity to exactly one-third
structures are described by the Duffing equation [7] or three times the frequency of the excitation (the factor three
i + 2wt + wiu + eud = Fcos(Q) ) is du'e to the cubic nonlinegrity). The first one is cglled subhar-
monic and the second one is called superharmonic resonance.
wherew is the generalized deflectiod,is the modal damping  The transient response at subharmonic excitation is shown
ratio, 2y is the natural frequency associated with the linean Fig. 2. Even in the presence of damping, which in a linear
system,e determines the nonlinearity, anfl cos(2t) is an system causes the natural response at frequenty die out,
externally applied generalized force. in the nonlinear system, the response at the resonance frequency
In the following, we want to consider weakly nonlinear sysis actually driven and, hence, persists. The linear steady-state
tems(e <« 1) at harmonic excitation. One important featureesponse contains only the forced response, while the nonlinear
is resonance. According to the linear theory, resonance occsisady-state response includes both the forced response at the

B. Effects of Mechanical Nonlinearities
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Deflected position

y ixed- : Anch
Original position Fixed-fixed: m < ANCHO
/
% Shuttle
Z —» F, e mass
Z Crab leg: l ;]\JI
I ! F‘
Fig. 3. Flexible beams supporting a rigid shuttle (subjected to axial anc
transverse forces). Folded flexure:

drive frequency and the third harmonic of the drive, which is
near to its resonance. Other nonlinear effects associated V¥ith4. Different arrangements to realize a linear motion.
multiharmonic excitations are discussed in [7].

The accuracy of the modal dynamic can be improved if more

than one mode is taken into account. This is especially necessi 5 20 Fixed-fixed beam
in the case of fixed-fixed beams when the curvature near tré< 16 Crab leg (Le=4 um)
clamps is high for large deflection amplitudes [15]. o 14
s 12

C. Stress Stiffening Examples g 10

Stress stiffening has the effect of coupling the in-plane an@ 8
transverse displacements of beams and plates [14]. Itis partic® ¢ Crab leg (Le=10 pm)
larly important in thin structures, such as microstructures, whei 4
the bending stiffness is small compared to the axial stiffnes 5 Crab leg (Le=20 pm)
Fig. 3 illustrates a simple example of this effect. , , : : - Folded flexure

The arrangement in Fig. 3 shows a typical microsystem cot 0 1 . 2 3 4 _ 5
figuration. A transverse forcg, leads to a deflection,, of the Deflection-beam width ratio u, /w,

shuttle. As soon as an axial forég acts on the beam, we see
nonlinear behavior. For moderate axial loads compared to tfie 5. Stiffness-deflection functions calculated with ANSYS.
buckling load, the stiffnesk of the beam is nearly a linear func-

tion with respect to the adal force where! is the moment of inertia ang, is the transverse force

r K per unit length. Equations (5) and (6) are usually applied with
K(F,) ="~ 7, Ln+ Ko (3)  numerical techniques like the FEM or with perturbation tech-
’ niques. Fig. 4 shows three typical spring designs used for many
whereK;, is the linear stiffness an#, is the buckling force of microstructures [3], [4].
the beam. Nonlinear stress stiffening occurs when the gradient with re-
Axial forces can be caused not only by external loads, but alspect to displacement of the strain energy due to stretching of
by internal stress or the deflection, itself. For a beam with the neutral surface becomes comparable to the gradient of the

clamped ends, we obtain strain energy due to bending. For fixed-fixed beams, this occurs
) when the deflection becomes comparable to the beam thick-
" 3E Au,, ness. For this class of microstructures, the stiffness ratio func-
F,~cA+ 4 . . . .
512 tion K/Ky, is nearly independent of the beam length, thick-

ness, and Young's modulus. Essentially, the linear deflection

range of crab legs can be increased by a longer leg ldngth

’?—égwever, long legs decrease the in-plane rotational stiffness. A
ded flexure is used in many MEMS devices because of its

whereF is Young’'s modulus andi is the cross section of the
beam.
Equations (3) and (4) allow us to describe many systems t
have straight fixed-fixed beams. Using other beam shapes | . o . .
g g P cellent linearity in a large deflection range [4]. These spring

a folded beam design (see Fig. 4) can significantly reduce e ts show that a desi £li . hanical
stress-stiffening behavior, but it is still significant. In the gener&rrangemen s showthata design otfinear micromechanical sys-

case, one has to solve the following Euler—Bernoulli equationtg.mS Is possible, but hard ta realize (see Fig. 5_)'
On the other hand, many systems are designed to be non-

a4uy a2uy linear. Most resonant sensors make use of the stress stiffening
ot Fn(“y)ﬁ = fu(@) effect as a transducer principle. Examples are sensors where an
(5) external load (acceleration, pressure) deflects beams or plates
and thereby instantly changes their stiffness and resonant fre-

EA L - quency. This shift of the resonant frequency is then picked up

Eo(uy) = - </ W1+ (u/y) ds — L) capamtlvel)_/. o o
0 Another important application of stress stiffening is the al-
(6) teration of spring constants or oscillation frequencies during

EI
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Bondpads Operating electrodes CHURN process displaces all nodes of the structure, which for-
, Anchor bids Poisson contractions and the axial motions that typically
N e nERnon accompany bending. Therefore, we decided to explore a modi-
Tuning fication of the CHURN process in which almost all degrees of
GND clectrodes freedom for the nodes are allowed to relax to the equilibrium
-V . position. This has the effect of restricting the class of problems

Fixed parts

3 Movable parts we can solve, but within this restricted set, we find that the re-

sults are excellent.

Fig. 6. Vibration sensor with frequency tuning based on stress stiffening [15]. We wil Sta}rt froma S|Ight|¥ mOdIfled formof the mpdal equa-
tions of motion. The dynamics of théh modal amplitude can

the operation. This method can be used either to calibrate rpl?— written

crostructures after the manufacturing process or to shiftthe stiff- ~ ~ 9U,,,(¢1, -+, g5, an) '

ness for special applications such as vibration sensors [15]. Migi + 94, = Z Foi + / ppi dA
The lateral stiffness and, hence, the vibration frequency of the (11)

element in Fig. 6, can be changed by the external voltdge where instead of the explicit inclusion of electrostatic external
in exact analogy to Fig. 3. Also, because the axial fdfigds forces, we now allow for both point load$") and distributed
controlled directly [see (3)], there is no amplitude dependentmds (p), whether mechanical or, in the case of distributed
of the stiffness or resonant frequency, as normally results frdoads, electrostatic. The generalized mags can either be
electrostatic tuning methods [3]. calculated analytically from the mode shape

I1l. M ACROMODEL CONSTRUCTION M; :/p% dv (12)

A. General Approach

We now consider the application of the CHURN process prgy_herep is the Qensity pf_ the structure, or it can k_Je obtained
sented in [1] to the problem of macromodel construction fgpom the result file of a finite-element modal analysis as the ap-

stress-stiffened problems. The CHURN process begins witP@Priate diagonal element 8{;, and where the integrals over

vector of nodal displacemenis We will assume an electrostat-the external forces project each force into modal coordinates.

ically actuated elastic structure. The equations of motion, from . L
[1], are of the form B. Specific Approximations

52 We now restrict our attention to MEMS systems in which: 1)
[M]—2 + F(u,t) — F.(u,t) =0 (7) thereisadominantnormal mode of motion; 2) there is a well-de-
ot fined neutral surface for the structure; and 3) the largest motion
whereF,, is the nodally defined mechanical force, expressed asthe structure is perpendicular to this neutral surface. While
the gradient of the mechanical potential energy functign this appears to be a severe restriction, many electrostatically ac-
AU (1, 1) tuated MEMS devic_e_s ol_aey these restrictions. _ _
oz (8) The specific modification to the CHURN process is that in-
i stead of imposing displacements on all degrees of freedom of all
and whereF, is the nodally defined electrostatic force, exnodes, a modal displacement is represeated perpendicular
pressed as the gradient of the electrostatic potential coenegiigplacement of the nodes of the neutral surface in the dom-
function U/* (note the change of sign associated with thimant direction nodes not on the neutral surface are not con-

Frn,,i(ua t) =

co-energy) strained. In addition, degrees of freedom orthogonal to the dom-
. inant displacement are not constrained for nodes in the neutral
F.i(u,t) = M (9) surface. With these restricted nodal displacements as a boundary
Iu; condition, the elastic stored energjy, is then computed using

When the nodal displacements are represented as a supefipie-element simulation, in exactly analogous fashion to the
sition of linear normal modes;(r), as in (1), the equations of computation o/}

motion become There are three important effects of this removal of nodal con-
52 straints when making a modal displacement. First, Poisson con-
[MG]a_tg +Fo(g,t) — F.(g,t) =0 (10) tractions are allowed. Second, nodal displacements perpendic-

ular to the dominant direction are now allowed for nodes origi-
whereM; is the global mass matrix (it is diagonaB,(q.t) is nally in the neutral surface. These two effects mean that the ex-
the electrostatic actuation force, expressed in modal coordinat@meous strain energy of the original CHURN process is largely
using the CHURN process of [1], arfd,,(¢) is a new quantity, avoided and, as will be shown below, the resulting elastic energy
the nownonlinearmechanical force, also expressed in modas very close to the correct equilibrium value. The third effect is
coordinates. more subtle. By allowing these various nodal relaxations, the re-
It was demonstrated in [1, Fig. 12] that the direct applicatiosulting final shape is no longer the same as the original normal
of the CHURN process to a mechanically nonlinear problemode ¢;(r). The relaxed function, which we shall call(r),
gives a large overestimate of the stiffness. The reason is thatdiféers from ¢, () by a small, but not unimportant amount. It
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is precisely this difference that allows the strain energy to be Mode 1 and 2:
correct for the equivalent modal displacement in the dominan W.,=Aq.q9.)
direction. Furthermore, we use the gradient€/gf calculated
with these modified basis functions as the mechanical force ir pfode 1 and 3:
the original equations of motion. In effect, we are saying that _
b . . . W,s=R4q,95)
y allowing extremely small changes to the basis functions, we
obtain a strain energy function whose gradient is a good approx
imation to the elastic forces when expresseg-space. W=
In addition to these important assumptions about nodal con 1 Ra19.)
straints and strain-energy gradients, we use a perturbation a
; ; ; ; i Mode 1 and 5:
proximation to calculate the strain energy, as explained in the
following section. Ws=R4q,45)

Mode 1 and 4:

C. Computing the Strain Energy Function Fig. 7. Sets of displacements for calculating the strain energy of a clamped

. . . .. beam
Since we have restricted our attention to structures with a
dominant mode of deformation, we could imagine calculating & 010
the elastic strain energy as a series of decreasing terms

- Direction of axial nodal shift u,
R e o) <(mmmmms
D
L 005 — —
Um(Qla'"an) @
= U/ h=6
IUm(Q17(]2707"'70) = 0
=]
+ [Um(Q17Q27Q37"'70)—Um(Q17Q2707"'70)] E \/ \/
+- 4+ I:l]nl(qlvq?7Q37"'7QWl) BN ! |
-0.05
- Urn, (qla q2, ", 4m—1, 0)] (13) 0 33 67 A 100

Beam axis x
where, assuming the modes are taken up in order of their impor- _ S
tance, each square bracketed term is smaller than all terms ﬁl& Deflection error of mode shape 1 due to the node shift in axial direction
a displacement of six times the beam thickness.

precede it. We make one further approximation in this type of

series. We denote
D. Example: Clamped Beam

Wis = Un(a1, 2, 0, -, 0) (14) _F|g. 7 illustrates the various combinations of mode 1 and

higher order modes of a clamped beam used to compute the var-

and forj > 2, W,; as the corresponding square bracketed terffs contributions to the strain energy.

above As stated earlier, since we allow nodes originally in the neu-
tral surface to displace perpendicular to the dominant direction
of motion, the modal functionsg;(r) differ from the original

Wi =Un(au a2, 5 4-1, 5+, 0) ¢;(r) even at the neutral surface, but the error that results in dis-
—Upn(q1,92, -+ ,¢-1,0,---,0)  (15) placementin the dominant direction is quite small. The erroris a

function of the slope (first derivative af, in the axial direction)
and we specifically approximaté’;; as and was calculated analytically for a clamped beam (Fig. 8).

Since the slope is, in general, small for structures with stress
Wi = Un(g1,0,-++,0,q5,+++,0) = Un(q1,0,---,0).  (16) stiffening, this effect can be neglected for most problems.
With this assumption in mind, we can assess the accuracy of
That is, when computing the strain energy contribution ¢pe Strain energy calculations based in the FEM against the exact
the higher order modes, we consider various combinations@talytical solution for straight beams
mode 1 with that higher order mode, but with all other higher

2
order mode amplitudes set to zero. This approximation has beep _ £l 24 24 / T+ (W2 ds —
shown to yield insignificant errors, while greatly reducing the ™ 2 Jo ( + 8
number of FEM runs needed to span ¢hgpace for the selected an
modes of interest. wherew/, is the first andw! is the second derivative of the

Y Y
Typically, the strain energy for structures with stress stifbending line and. is the beam length.

ening can be expressed as a fourth-order polynomial in theThe relative strain energy error depends somewhat on the dis-
modal amplitudes. For a structure with five important modesretization, but is always below 0.5% for a reasonable meshed
it requires about 100 FEM simulations to compute the stragtructure (Fig. 9).

energy. This strain energy is then fitted to a fourth-order A very important feature of nonlinear mechanical systems is
polynomial in the modal amplitudes, and appropriate gradientsat the strain energy functions may be asymmetric. Fig. 10 il-
are taken and inserted into the dynamic equations of motionlustrates that the energy minimum (dashed line) leaves the zero
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X 50 .4 N
< Model: 7 §
- p
: \ =f(F

E s - B Mode 1: N a=fF)

Mode 3: 7 V4 =f(q,F=0)
:;13 ode % § 3 113
g 0 Deflection of mode 1 and 3: ~ Mode 1
.g A = y — Mode 1 +3
g .25 ! | ﬁ/ -\
» Ty 2 4 6

Deflection-thickness ratio u.\’o/hb Fig. 12. Typical shape change near the clamps of beams at large deflection

amplitudes.
Fig. 9. Strain energy error as a function of the deflection amplitude.

1. Initial conditions: 2. Vector of derivatives:

o — ¥
6W13(q1’q3):F aVVla(%’%)_O 4/(0) //// ‘ff—%%f_'\xqi_fj+21«j(1)¢,(x1,x2)]é
9g; ’ oq, 4.0) ( N » I
SOl b= LoV | z
«~ 02 X y=1. Y)EN _0Y Ve Vo Vi) N I
g’ um Strain energy W, ¢.(0) [ dq, 4‘ JF\‘ZE(I)@(U'M)) m
.S 0.1 q3(0) “'5
2 o . y 0 (-2l 5 pog e | L
% S ) ) L aq; - / i m; |
2 01+ T - S
o 4. Back transformation: ~—___3-S06lve’command:
-v. T T f 3 foe
0 0.5 1.0 L5 pm - 2.0 uy(xl,XZ,t):ZZt’,. #(x1,x2) Z = rifixed (y,1s,te,num D)
Deflection ¢, =l
Fig. 10. Contour plot of the asymmetric strain energy functior'f'g' 13. MathCad notation to solve the equations of motion.
Wis = f(ql, ¢3) for a fixed-fixed beam.

tools. The function fitting has to be applied to the strain energy
functions according to (16) and all mode shapes. In case of
systems where a nearly rigid plate is supported by beams, the
mode shapes should be fitted for each beam separately.

[

3
4

Finally, the system is described by a nonlinear system of or-
dinary differential equations, which are solved numerically by
the Runge—Kutta scheme. An automated time-stepping algo-
rithm is recommended for problems with varying dynamics. No-
fice that in case of stiff equations (i.e., where the matrix gets
nearly singular), the numerical solution may oscillate or be un-
stable. In this frequently occurring case, one could replace the
deflection line of mode 3 (solid line) as soon as mode 1 Bunge—Kutta with the Bulirsch—Stoer or Rosenbrock methods
growing (F3 = 0). This attribute has to be accurately capturefl 8]. The required syntax for a system with three relevant modes
by the macromodel because it describes all interactions betwegfepicted in Fig. 13.
the modes, which are essential for the modal dynamics.

Calculating the modal force functions, which are the deriva-
tives of the strain energy with respect to the generalized co-
ordinate (at that deflection), we recognize that the curve does
not necessarily strike the origin (Fig. 11). That means as sogn
as mode 1 is deflected, we get a force acting on other modes.
If there is enough time (quasi-static systems) and there are nd@he accuracy, robustness, and convergence behavior of this
external forces, higher modes follow exactly the dashed limeodeling approach will be demonstrated in this section through
in Fig. 10. As a consequence, the bending line of fixed—fixeaset of examples. The first example is an electrostatically ac-
beams gets flatter with growing amplitudes (Fig. 12), as is ohiated fixed—fixed beam suspended above an electrode strip.
served in numerous measurements [13]. The dimensions and material properties are the same as given

After the set of finite-element simulations is completed, thia [1, Fig. 8]. As was done in [1], we can use the dynamical
nonlinear function fitting is done by the Levenberg—Marquarahodal equations in dc steady state to calculate the static dis-
method [16]. This well-known method is implemented iplacement, and compare it to the full self-consistent three-di-
MathCad [17], but is also available in public-domain softwammensional (3-D) simulation with CoSolve-EM [19], which is a

h:u

°

a — = 0

'§ 0 —

2 ' duiibrium E. Solving the Equations of Motion
5 positions:

g, ) g, %0 q;=f(q,F;)

pm .2
Generalized deflection g;

Fig. 11. Force-deflection function and equilibrium positions of mode 3 wit
respect to mode 1.

IV. RESULTS AND DISCUSSION

Quasi-Static Deflections
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T Mode 1 Mode 1,3,5
2 -%’2 \‘\'\\‘&&:x\‘ 33 PO T
g \ A pm
5 04 2 S £ .05)
= ! \ B g Macro-
S 0,6 ; =
A \ T oL model
g -0,8 a ot
3 N
Jas] 14 —*—CoSolve-EM
L —=—Linear Macromodel \ -L5E Pl FEM
-1,21 -4 Nonlinear Macromodel 0 1' ‘2 0 ‘2 3 4 s 5
~F-Modified M del .
e ifedvoomesel ] o u"(P1)> 1 (P0) Time 1
0 20 40 60 80 100 yolt 120
Applied voltage V Fig. 16. Dynamic response to a suddenly applied force at the center of a beam.
Fig. 14. \oltage-deflection function for a fixed—fixed beam.
.2 ‘ ! T
X Center point force: ixed
g B 1% error |
g ' ’ support
o] 1 B T
[
5
A Off-center point force: Driven electrode
0 4% error
| | |
0 25 50 75 m 100
Beam axis x
Fig. 17. Finite-element model of a plate with asymmetric support.

Fig. 15. Deflection calculated by the macromodel and FEM.

As long as the distance between the point of force application
nd the support is more than 25% of the beam length, mode 1
an still be considered as dominant. The deflection error along

o : 0
Equilibrium occurs if the derivatives of the strain energy funct—he beam axis increased slightly, but was always below 4%

tion are equal to the derivatives of the electrostatic co—ener@g‘ 15).

part of the MEMCAD systeri.For the modal solution, the elec-
trostatic force is calculated analytically, neglecting the fringin?
field (the beamwidthy, is much larger than gap separatién

o '
¢ B. Undamped Transients
U — V_2 / ~ E0Wp ds (18) Now the transient behavior (without damping) is analyzed
¢ 2 Jo d=3"10 i for the same clamped-beam model. The structure is driven by a
whereV is applied voltage aneb is the permittivity of air. §uddenly applied pomt-!oad force atits center, and its deflection
. : g .Is calculated as a function of time.
The comparison is shown in Fig 14. In sharp contrast wﬁﬁ . L
As known from nonlinear systems, the deflection is, in gen-

[1, Fig. 12], we now see that the nonlinear macromodel agrees . . ! : .
. , ; eral, a nonsinusoidal function. Mode 1 is most strongly distorted
nearly perfectly with the CoSolve-EM solution. The difference_. ) ;
. ig. 16). Both marked elongatiod?) and P1 have a different
between the nonlinear macromodel and the CoSolve-EM so- . .
S : . curvature due to the deflection-dependent stiffness (curvature at
lution is about 2% over the entire voltage range. This shows, . ; . .
. T : is much bigger than &0). Applying the Fourier decompo-
that the various approximations concerning nodal degrees . . X
. . . ition method, we observe higher harmonics of mode 1 in the
freedom and strain—energy calculations give very good resulis. . :
. . response spectrum. Those frequencies may lie very close to the
Inthe next example, a single point-load force acts on the same .
E‘%her order modes of our structure and excite them strongly
|

beam instead of a distributed electrostatic load. In this case, ' . .
nternal resonance). As a result of these interactions, beat fre-

influence of higher modes get stronger and the accuracy of th Jencies appear, especially if the structure is driven in the range

interactions can be assessed. The first five modes are taken ﬁ]lio i .
of stress stiffening.

account and antisymmetric modes are neglected. The structur .
. . . » he last example proves the accuracy for a plate with an
is deflected far into the nonlinear range to positions about three ; . . X
. . . X asymmetric support (Fig. 17). The same dimensions and ma-
times the beam thickness. That means the stiffness increas . : .

. . efial properties are taken as in [1, Fig. 3]. The three lowest
about 560% (Fig. 5). First, only mode 1, then modes 1 and 3, and . .

modes of the structure are included in the macromodel. Two of

finally, modes 1, 3, and 5 were modeled. We obtain a deflectign L : .
ﬂ}ese modes are primarily rotational. However, even in case of

0, 0, 0, I
error atthe center of 5.6%, 3.9%, and 1.0%, respectively. Res%%ational degrees of freedom, the displacements of all finite-el-

are compared against a nonlinear 3-D finite-element analysis . .
ement nodes can be expressed by a translation (one dominant

(Fig. 15). %irection) as long as the rotations are small. Fig. 18 shows that

Point loads are then applied at different position between tfje " . )
: ! . e first three modes capture the transient behavior very well.
support and center. Antisymmetric modes are now includ

acromodels are, in general, a little less accurate than appro-

IMicrocosm Technologies, Cambridge, MA. http:/Awww.memcad.com  priate finite-element solutions. This deviation is mainly caused
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Fig. 18. Response of Fig. 17 structure to a voltage jump.
[0l

by the limited number of modes, and not errors in the strain ent0l
ergy extraction. The achieved accuracy is sufficient for many
problems, especially if one considers the computational costs[11]

The time needed to establish a macromodel for structureﬁZ]
with stress stiffening is primarily defined by the finite-element
calculations. Considering five relevant modes, one needs about
100 quasi-static simulations. This is about the same time we?]
would estimate is required to simulate the transient behavior of
a microstructure during the first four oscillation periods. How-
ever, a macromodel once established can be used for many dfit
ferent load situations. We can include nonmechanical parts 3ss)
well as systems with energy dissipation.

The procedure presented here has not yet been automatedﬁ&
the extent of the CHURN process in [1]. However, there doe
not appear to be any fundamental reason why it cannot be donig7]
The designer must make more choices, such as identifying tl}(fs]
dominant mode and specifying the dominant direction of dis-
placement, and while our experience with the examples is verjt9]
good, it is quite difficult to establish robust error bounds for the
various assumptions and approximations used in this paper. That
is a subject for further study.

V. CONCLUSION

An important benefit of the macromodeling approac
presented here is the extension of computationally efficie
methods for generating nonlinear macromodels to syste
with stress stiffening. Stress stiffening is relevant in mar
microstructures and is induced by the axial stress of structu
restrained at the ends. When such a structure has a domir
deformation mode, it is now possible to construct accura.
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